We propose a universal bridge functional for closure of the Ornstein-Zernike (OZ) equation for infinitely diluted solutions of Lennard-Jones spheres of different sizes in a Lennard-Jones fluid. The bridge functional is parameterized using data from molecular dynamics (MD) simulations. We show that for all of the investigated systems, the bridge functional can be efficiently parameterized with an exponential function that depends only on the ratio of the sizes of solute and solvent atoms. To check the parameterization, we solve the OZ equation with a closure that includes the parametrized functional, and with a closure without the bridge functional (a hypernetted chain closure). We show that introducing the bridge functional allows us to obtain radial distribution functions (RDFs) close to the MD results, and to improve substantially predictions of the location and height of the first peak of an RDF.
INTRODUCTION
The integral equation theory of liquids (IETL) is an effective instrument for describing the structural and thermodynamic properties of solutions. The main equation in the IETL is the Ornstein-Zernike integral equation [1] , which connects the direct and the total correlation functions of the particles of the system. Another fundamental equation that connects the direct and the total correlation functions is the closure relation [2] . The Ornstein-Zernike equation together with the closure relation allows us to calculate the par ticle to particle correlation functions of the system, which in turn makes it possible to calculate the main thermodynamic parameters of the system [3] . For molecular systems, we often use approximations of the Ornstein-Zernike equation. The most popular of these are the reference interaction site model (RISM) [4, 2] and three-dimensional reference interaction site model (3DRISM) [5, 6] . Effective numerical algorithms for solving the RISM and 3DRISM equa tions have been developed [7] [8] [9] [10] . A number of meth ods for parameterizing the results of RISM and 3DRISM calculations have recently been proposed. These methods allow us to predict the free energy of solvation of organic and bioactive molecules with an average error of 1 kcal/mol [11] [12] [13] [14] [15] [16] .
The Ornstein-Zernike, RISM, and 3DRISM equations give a qualitatively correct description of the local structure of a liquid. For example, RISM equa 1 This article was translated by the author. tions can correctly predict the asymmetry of ion solva tion [17, 18] and allow us to predict the stability of molecular aggregates in solution [19, 20] and ligandsubstrate binding [21, 22] . However, OZ, RISM, and 3DRISM equations often cannot reproduce many quantitative parameters such as radial distribution functions (RDFs) or the solvation free energy (SFE) [23, 14, 24] . This is because the closure relation contains a so called bridge functional that is presented as an infinite sum of correlation function integrals and thus is prac tically uncomputable [3] . We normally use empirical closures to obtain the numerical solution to equations of IETL. Not all of these closures yield good coinci dence with experiments. Several closures have been obtained for simplified models: the hypernetted chain (HNC) closure, where the bridge functional is simply ignored; the Percus-Yevick closure [25] ; the Mar tynov-Sarkisov closure [26] ; the Verlet modified clo sure [27] ; and others [28] . Parameterization of molec ular dynamics (MD) simulation data is another prom ising method for obtaining a bridge functional [29, 30] . In [31] , it was proposed that we use a closure with a repulsive bridge correction in which the atom-atom potentials contained an additional repulsive compo nent. In many cases, we perform the bridge parame terization for different parts of the phase diagram, par ticularly for the density and temperature near the crit ical point [32, 33] . In this work, we consider the bridge functional for two component systems with fixed den sity and temperature of the system. We consider only the case of the infinitely diluted solutions, because such systems are most often used for predicting the thermodynamic properties of biological molecules. In this work, we consider a simplified model in which the solvent is a liquid of Lennard-Jones balls that have a parameter coinciding with the parameter of the oxygen atom in the SPC/E water model [34] (we denote the solute particles with the number 1, and the solvent particles with the number 2). As a solute we use Lennard-Jones balls with diameters ranging from to , where is the diameter of the sol vent (here and below, we refer to the parameter of the LJ potential as "the diameter"). The aim of this work is to construct a universal empirical bridge functional that coincides well with the data from molecular dynamics (MD) simulations. In this work, we perform the MD simulations for all of the investigated systems and obtain their radial distribution functions (RDFs). Using the OZ equation, we obtain the direct correla tion functions; using the closure relation, we calculate the bridge functional for each of the systems. We parameterize a bridge functional with an exponential function that includes two empirical parameters and determine the dependency of these parameters on the size of the solvent . We thus obtain a universal for mula for a bridge functional for Lennard-Jones balls of different diameters. Finally, we compare solutions to Ornstein-Zernike equations with two different clo sures: a hypernetted chain (HNC) closure that ignores the bridge functional, and a closure that includes the proposed empirical bridge functional. We show that introducing the bridge functional can substantially improve the calculation results and bring them nearer to the results from MD simulations. Out main interest is the accurate calculation of the thermodynamic and structural parameters of aqueous solutions of bioactive compounds using the IETL. We believe that introduc ing the bridge functionals allows us in many cases to replace the computational expansive MD simulations with the cheaper IETL method, e.g., in describing the interaction of osmolites with nanoobjects and surfaces [35] [36] [37] [38] and biomolecules [39] [40] [41] [42] .
EXPERIMENTAL

Molecular Dynamics Simulations
Description of the investigated systems. For our molecular dynamics simulations, we used the Gro macs 4.5.3 program package [43] . We created eight systems that contained one particle with the Len nard-Jones (LJ) potential (see Eq. (1)) with eight dif ferent values of , ,
where i and j denote the type of particles. 
The particle was solved with infinite dilution in LJ fluid with fixed values of σ 22 and ε 22 (these values were the same for all systems). We denote the solute by the number 1 and the solvent by the number 2. The solute and the solvent had the same ε parameter: (ε 11 = ε 22 ). We simulated systems with the following values of the σ 11 parameter: σ 11 = kσ 22 , where k = 0.25, 0.5, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00. This range of parameters was used because in the widely used OPLS (Opti mized Potential for Liquid Simulations) force field [44] , most of the σ parameters lie in the range of 0.25σ 22 to 2σ 22 , where σ 22 = 0.3166 nm is the LJ parameter of water oxygen (see Fig. 1 ).
Mixed interaction parameters of the LJ particles of the solute and solvent were calculated using the OPLS methodology:
(2) By varying the σ 11 value, we can thus determine the influence of the solvent at infinite dilution in an iden tical solvent on the structural characteristics (the sol ute-solvent radial distribution function (RDF)) and the shape of the bridge functional.
Thermodynamic Parameters Used in Our Simulations
In this work, we were seeking the bridge functional for the following solvent: LJ fluid, temperature Т = 300 K; density, 33.3294 particles/nm 3 (corresponding to a water density of 997.09 g/L at 25°C); with LJ parameters that correspond to an oxygen atom in the SPC/E water model (ε 22 = 0.316557 nm, σ 22 = 0.6500194 kJ/mol) [34] . These parameters in reduced SERGIIEVSKYI, FROLOV units are as follow: density = 1.0573 particles/ , T = 3.8365ε 22 .
Parameters of the Molecular Dynamics Simulations
We used the "leapfrog" scheme [45] for numerical integration of the equation of motion. Integration step corresponded to 0.002 ps. Cutoff radius for the LJ potential ( ) was 1.2 nm, while the LJ potential was corrected to zero at distance :
The list of nearest neighbors was created using the "cell list" method [46] , referenced in the Gromacs package as the "grid search" method [45] . The neigh bor list was renewed each tenth step with a cutoff radius of 1.4 nm. We performed our simulations in the canonical ensemble (NVT). We used a Berendsen ter mostat [47] to maintain the temperature of the system (Т = 300 K) with the parameter τ = 2 ps.
Preparing the Systems and Calculating the RDF Functions
We initially prepared a cubic cell containing 4168 solvent LJ particles of size 5.0007 nm 3 using the Packmol program [48] . The coordinates of the parti cles were optimized by means of gradient descent [45] . The system was then simulated for 1 ns in the NVT ensemble to establish equilibrium. In the final config uration, one of the solvent atoms was changed to a sol ute atom (an LJ particle with a specific σ 11 value). The systems with different solute atoms were optimized by 3 22 means of gradient descent [45] . Each of the systems was then simulated for 25 ns to obtain the necessary statistics. The coordinates of the particles were saved at each 0.2 ps for further calculations of the solutesolvent RDF. The RDF was calculated using the "g_rdf" tool from the Gromacs 4.5 package.
Obtaining the bridge functional from the molecular dynamic simulation data. We used the RDF functions obtained from the MD simulations to calculate the bridge functional. Two types of RDF were used: sol ute-solvent RDFs ( ) and solvent-solvent RDFs (
). The total correlation functions were calcu lated using these functions:
= -1, i = 1, 2. To calculate the bridge functional, we also need to know the solute-solvent direct correlation functions, . We used (Ornstein-Zernike) Eqs. (1), (3) to obtain these functions:
where is the solvent number density (the number of solvent of particles per unit volume); and , , and are the Fourier-Bessel transforms of func tions , , , respectively. The Fourier-Bessel transform of the total correlation functions is given by the following formula [49]:
On a discrete grid, the Fourier-Bessel transform can produce artifacts that are observed as oscillations of the function near k = 0. In this work, these arti facts were removed by the following method: For each pair of neighboring local minimum and maximum points and of high frequency oscillations, the value at point + was taken to be equal to the mean value of the extremum points:
, and the function was then interpolated in the vicinity of k = 0 using cubic splines based on these mean values (see Fig. 2 ).
The function can be restored from its Fourier image by using the inverse Fourier-Bessel transform [49]:
The bridge functional can be obtained from the closure relation by using the following formula: Bridge functionals for the different solute/solvent size ratios are given in Fig. 3 . Despite the rather compli cated shape of the bridge functionals in the first approximation, they can be approximated quite well using the exponential function with two fitting parameters and :
.
The distance is chosen such that = , where is the solute-solvent LJ potential, is the Boltzmann constant, and T is the temperature. The parameters and were chosen to minimize the difference between the RDFs obtained from the MD simulations and the RDFs obtained using the closure relation:
,
where = + -+ -1), and the norm is defined by the fol lowing expression:
The coefficients and were parameterized as func tions from the solute/solvent size ratio: = , =
. We thus obtain an effec tive bridge functional that depends on one parameter: the solute/solvent size ratio.
(11)
To check the effectiveness of our parameterization, we compared the solutions to the Ornstein-Zernike were introduced. The following algo rithm was used: the first approximation was chosen to be = 0. The (n + 1) approximation was obtained from the nth approximation using the follow ing algorithm [7] : 12 
RESULTS AND DISCUSSION
We performed MD calculations for infinitely diluted solutions of LJ balls with a diameter of σ 11 in an LJ fluid consisting of balls with a diameter of σ 22 . The following solute/solvent size ratios were used: σ 11 /σ 22 = 0.25, 0.5, 0.75, 1, 1.25, 1.5, 1.75, 2. The bridge functionals presented in Fig. 3 were obtained from the MD simulation results by using expressions (4)- (7) For each σ 11 /σ 22 ratio, the obtained bridge functional was fitted with function (8) , where coeffi cients , were obtained as a result of solving the minimization problem (9) .
In Figs. 4 and 5, we can see the dependences of coefficients and on the σ 11 /σ 22 ratio. As we can see in Fig. 5 , coefficient depends weakly on σ 11 /σ 22 (standard deviation from the mean value, 3.3 nm -1 ; mean value, 30 nm -1 ). The coefficient can be approximated by its mean value: ≈ 30 nm -1 . Coeffi cient has an exponential dependence on parameter σ 11 /σ 22 , and thus depends linearly on σ 11 /σ 22 . In Fig. 4 , we see the clearly linear dependence of on σ 11 /σ 22 for all σ 11 /σ 22 ratios from 0.5 to 2:
( 1 2 ) An exception is the ratio σ 11 /σ 22 = 0.25, which we did not use for parameterization. Using the least squares method, we determined the value of the coefficient in Eq. (12) for the values of corresponding to σ 11 /σ 22 = 0.5, 0.75, 1, 1.25, 1.5, 1.75, 2: C = 1.1754. The final formula for the empirical bridge functional is thus ,
where nm -1 , , = .
To check empirical functional (13) and each of the σ 11 /σ 22 , we solved the Ornstein-Zernike equation with two different closures: a hypernetted chain in which bridge functional , and with a closure that included an empirical functional built using for mula (13) ( was taken from our MD simulation of a pure solvent). The RDF obtained by solving the OZ equation with a closure that included empirical bridge functional (13) , the RDF obtained by solving the OZ equation with a closure without a bridge functional, and the results from our MD simulation are shown in Fig. 6 . The solute/solvent size ratio was σ 11 /σ 22 = 1.75. We can see that the RDF obtained without the bridge functional incorrectly predicts the position of the first peak of the RDF and also overestimates the height of the peak, while the RDF obtained with the empirical bridge functional correctly predicts the position of the peak and more accurately predicts its height. In Table 1 , the first peak height obtained using the different clo sures (with and without the bridge functional) is com pared with the MD results. We can see that both of the closures overestimate the height of the first peak of RDF, but the error of the closure with the bridge func tional is on average 0.109, more than half the error of the closure without the bridge. Table 2 compares the first peak position of the RDF obtained with two dif ferent closures (with and without the bridge func tional) to the MD results. We can see that the closure without the bridge functional gives the systematic error of the first peak of RDF position around 0.01 nm (0.1 Å), while the closure that includes the bridge functional determines the first peak position with an error one tenth the value (0.001 nm or 0.01 Å). This error is negligible, as it is one tenth the grid size used for discretization of the RDFs obtained from MD sim ulations. We should also stress the importance of accu rate approximations of the first peak position of the RDF for our solvation free energy calculations, since small changes in the first peak position lead to sub stantial errors in the calculations. 
CONCLUSIONS
A new universal bridge functional for infinitely diluted solutions of LJ spheres of different sizes in an LJ fluid has been proposed. The investigated systems were a simplified model of aqueous solutions of differ ent bioactive compounds; the parameter of the solvent LJ particles was chosen to be equal to the σ parameter of the water oxygen in the SPC/E water model. The ratios of the solute/solvent particle sizes σ 11 /σ 22 was varied over a range of 0.25 to 2, corresponding approx imately to the distribution of the σ parameters of dif ferent atoms in an OPLS force field.
MD simulations were performed for the above mentioned systems. Using the Ornstein-Zernike equation and the RDFs obtained from our MD simu lations, bridge functionals were obtained that were in turn fitted by the exponential function (8) in depen dence on two parameters, a 1 and a 2 . The dependency of parameters a 1 and a 2 on the σ 11 /σ 22 ratio was inves tigated. It was shown that the a 2 parameter depends weakly on the size of the solute, and for all of the inves tigated systems it can be set at a 2 = 30 nm -1 . It was shown that ln(a 1 ) correlates with the parameter σ 11 /σ 22 , and it can be estimated with good accuracy using formula (12) . The final empirical bridge func tional (13) was determined. This functional depends only on the solute/solvent particle size ratio.
Solutions to the Ornstein-Zernike equation for a closure with an empirical bridge functional were obtained using an iterative algorithm. It was shown that introducing a bridge functional into the closure relation more than halves the error in calculations of the first peak height of the RDF and, in contrast to a closure without a bridge, accurately predicts the posi tion of the first peak of the RDF (with an error one tenth the size of the grid discretization step). We have shown that introducing an empirical bridge functional into the closure relation can substantially improve the accuracy of predicting the first peak of RDF position.
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